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Abstract. In this work we examine a nonlinear version of the Jaynes-Cummings
model for two identical two-level atoms allowing for Ising-like and dipole-dipole
interplays between them. The model is said to be nonlinear in the sense that it can
incorporate both a general intensity-dependent interaction between the atomic system
and the cavity field and/or the presence of a nonlinear medium inside the cavity. As an
example, we consider a particular type of atom-field coupling based upon the so-called
Buck-Sukumar model and a lossless Kerr-like cavity. We describe the possible effects
of such features on the evolution of some quantities of current interest, such as atomic
excitation, purity, concurrence, the entropy of the field and the evolution of the latter
in phase space.
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1. Introduction
The standard Jaynes-Cummings model (JCM) is usually referred to as the simplest fully
quantized light-matter interaction scheme involving just one atom and one mode of the
radiation field. Since its introduction in 1963 [1], the model has attracted a great deal
of theoretical and experimental interest in the fields of laser physics and quantum optics
[2], and this trend is due in part to its apparent simplicity and, more importantly, to
its striking predictions about the dynamical properties of the subsystems involved with
which the quantum optics community is now familiar, as for example the well-known
phenomenon of collpases and revivals for the atomic excitation understood in terms of
the grainy statistics of the radiation field [4].
The JCM has become the source of inspiration for a wide variety of generalizations
dealing with more general and/or realistic circumstances. The majority of them focused
primarily upon multi-photon transitions and/or multimode fields [5, 6, 7]; engineering
nonlinear atom-field couplings, like the Buck-Sukumar and Kochetov models [8, 9] (in-
cluding some very recent improvements and extensions of the former with or without
applying the rotating wave approximation [10, 11]), one-atom JC models involving two-
photon interaction with intensity-dependence both in the atom-field coupling and the
detuning [12, 13], or adding nonlinear Kerr-like media [14, 15, 16, 17]; interacting or
noninteracting two two-level atoms [18, 19, 20, 21]; or even more complex systems in-
volving a large group of N two-level (or multi-level) atoms in the same cavity, such as
the so-called Tavis-Cummings model (TCM) [22, 23], to mention some examples. And
still more recently, renewed attention has been paid to quantum decoherence and en-
tanglement properties of light-matter interaction models a` la Jaynes-Cummings whose
central system is composed of two or three two-level atoms (also called within the jar-
gon of the quantum information framework as two- or three-qubit systems) resonantly
coupled with a cavity field prepared in a single number state and also with each other
through dipole-dipole and Ising-like interactions [24, 25] (incidentally, Spin-Spin interac-
tions such as these or similar have also been the theme of current interest in a manifold of
areas such as optical lattices [26]; systems with trapped ions [27] and microcavities [28];
and, even in the context of nearly localized and dipolarly coupled two identical molecules
[29, 30], where, under certain conditions, from an algebraic-structure point of view, in-
tramolecular coupling models a` la Jaynes-Cummings emerge); moreover, along this line
an interesting application based on the resonant two-atom JCM has been proposed with
the aim of implementing novel protocols for unambiguous Bell state discrimination for
two qubits [31].
This work is in keeping with the aforementioned spirit of putting forward another
extension of the Jaynes-Cummings model, that is, a nonlinear version of it for the de-
scription of a qubit system composed of two identical two-level atoms that interact with
each other via dipole-dipole and Ising-like interaction and with a one-mode cavity field
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being in a coherent superposition of number states. The nonlinear character of the
model is construed in a twofold sense: i) the interaction between the atomic system
and the field is considered to be nonlinear in a way such that it hinges on the number
of photons of the latter, and ii) the said atomic system can be allowed to be embed-
ded in a kind of nonlinear medium inside the cavity. In considering a Buck-Sukumar
nonlinear coupling [8] between the atoms and the field and a Kerr-like medium within
the cavity as particular cases, a full algebraic solution of the problem is provided and
the consequences of incorporating such nonlinearities are illustrated by exploring, in
the resonant quantum dynamics, some quantities of current physical interest, such as
population inversion, purity, and concurrence, as far as the atomic system is concerned,
and the time behavior of the field itself is also investigated in terms of its entropy and
its image on phase space. It is worth commenting that the set of results reported here,
regarding the aforesaid nonlinear coupling scheme, may also be of some relevance in the
light of novel experimental and theoretical research on optical simulation of the Jaynes-
Cummings and Rabi models in arrays of coupled photonic waveguides [32, 33, 34], as
well as in current designs of architectures intended for quantum computation and com-
munication based on cavity quantum electrodynamics (CQED) studies for solid-state
superconducting electrical circuits [35]. Furthermore, we should stress the fact that the
present treatment is not only valid for interactions between quantized fields and atoms,
but also in the context of trapped ions interacting with lasers (classical) fields where a
number of phenomena known from nonlinear optics, including Kerr-like nonlinearities,
can be easily produced (see, for instance, Refs. [36, 37, 38, 39, 40]). So, from our point
of view, the foregoing contributions may open up the possibility of realizing Hamilto-
nian models such as the one we are considering in physically different but algebraically
equivalent contexts.
The content of the paper is the following. In section 2 the Hamiltonian model and
its general solution for two Ising- and dipole-dipole interacting and identical two-level
atoms are introduced. Section 3, which in turn is divided into three subsections, is
thoroughly devoted to the discussion of some properties of the atomic system in terms
of its population, purity and concurrence dynamics; all these features are explored by
taking into consideration each nonlinear contribution of the model. In section 4, the
effect of such nonlinearities on the evolution of the cavity field is explored based upon
its entropy and its phase space picture via the Q-function. And finally, in section 5
some conclusions are given.
2. The model and its solution
Let the Hamiltonian model of the system under study be encoded as follows:
H = HF +HA +HFA +HAA, (1)
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where the constituent Hamiltonians are explicitly given, in the Schro¨dinger picture, and
under the rotating-wave approximation, by
HF = h¯ω0nˆh(nˆ), (2)
HA =
h¯ω
2
(σ
(1)
Z + σ
(2)
Z ), (3)
HFA = h¯g(σ
(1)
+ aˆf(nˆ) + σ
(1)
− f(nˆ)aˆ
†) + h¯g(σ(2)+ aˆf(nˆ) + σ
(2)
− f(nˆ)aˆ
†), (4)
HAA = 2h¯κ(σ
(1)
− σ
(2)
+ + σ
(1)
+ σ
(2)
− ) + h¯Jσ
(1)
Z σ
(2)
Z . (5)
Here, HF and HA are the energy operators for the field and atoms, respectively, the
coupling between the atomic system and the radiation field is described by HFA, and
HAA is the contribution to the total system of the atom-atom interaction mentioned
above. The field mode frequency is ω0, ω is the atomic transition frequency, g is the
coupling constant (which is taken to be the same for both atoms), and J and κ are,
respectively, the Ising and dipole-dipole parameters. As usual, aˆ (aˆ†) is the photon
annihilation (creation) operator satisfying [aˆ, aˆ†] = 1, and, on the other side, σˆ(1)Z (σˆZ
(2)),
σˆ
(1)
± (σˆ
(2)
± ) are the standard atomic two-level transition operators of the respective atoms.
Finally, h(nˆ) and f(nˆ), with nˆ = aˆ†aˆ, are photon-number-dependent functions that
represent the aforesaid nonlinear character of the whole system.
At this point, we note in passing that although we shall be working with parame-
ters such that the rotating-wave approximation is considered to be valid, we also have
to be careful with the field intensities reflected upon the functions f(nˆ) and h(nˆ), al-
ways taking into account that the conditions g〈f(nˆ)〉  ω0〈h(nˆ)〉 and g〈f(nˆ)〉  ω
are fulfilled and that the effective detuning ω − ω0〈(nˆ + 1)h(nˆ + 1) − nˆh(nˆ)〉 still
allows us to work within the two-level atom approximation. The origin of and the
role played by such an intensity-dependent detuning can readily be seen if we re-
framed our system under the transformation ei(HF+HA)t/h¯He−i(HF+HA)t/h¯ to get an atom-
field coupling structure of the form ∼ h¯ge−iδnˆtσ(j)+ aˆf(nˆ), with the fitting identification
δnˆ = ω−ω0 {(nˆ+ 1)h(nˆ+ 1)− nˆh(nˆ)} of the detuning we are referring to. The intensity-
dependent part of the latter is construed as the frequency separation between adjacent
energy levels of a nonlinear field (i.e., a nonlinear oscillator, viewed as a whole) whose
spectrum is clearly nonequidistant by virtue of h(nˆ) in the definition of the field Hamil-
tonian HF .
Here, we find it convenient to choose the framework generated by the unitary
operator V = exp
[
−iω0t
(
nˆ+
σ
(1)
Z
2
+
σ
(2)
Z
2
)]
so that one can recast Hamiltonian (1),
on inserting it into the transformation
HI = V
†HV − ih¯V †dV
dt
, (6)
as follows
HI = h¯ω0nˆ(h(nˆ)− 1) + h¯δ
2
(σ
(1)
Z + σ
(2)
Z ) + h¯(Df(nˆ)aˆ
† +D†aˆf(nˆ))
+ 2h¯κ(σ
(1)
− σ
(2)
+ + σ
(1)
+ σ
(2)
− ) + h¯Jσ
(1)
Z σ
(2)
Z , (7)
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where we have labeled δ = ω − ω0 and D = g(σ(1)− + σ(2)− ). It is well-known that the
dynamics of a system such as this involving a single-photon process where the number
of excitations is a conserved quantity (as can be verified since the excitation number
operator Nˆ = nˆ + 1
2
(σ(1) + σ(2)) commutes with Hamiltonian (7)) the set of states
defined by {|e, e, n〉, |e, g, n + 1〉, |g, e, n + 1〉, |g, g, n + 2〉} may be employed as a basis
to diagonalize the Hamiltonian under study (see, for instance, Refs. [18, 19, 20, 24]).
However, one can see that it is also possible to employ the following fitting basis:
|φ(n)1 〉 = |e, e, n〉, (8)
|φ(n)2 〉 =
1√
2
(|e, g, n+ 1〉+ |g, e, n+ 1〉), (9)
|φ(n)3 〉 = |g, g, n+ 2〉, (10)
where the use of the symmetric combination of |e, g, n + 1〉 and |g, e, n + 1〉 turns out
to be convenient in the sense that it will allows us to simplify subsequent calculations
(such a symmetric state, needless to say, is useful only in the particular case when the
two atoms are identical). So, in this basis the representation of HI is a 3 × 3 matrix
with elements H
(n)
ij = 〈φ(n)i |HI |φ(n)j 〉 for a given number of photons n. In units where
h¯ = 1 we get:
HI
.
=

ω0Fn,0 + δ + J
√
2gfn+1 0√
2gfn+1 ω0Fn,1 − J + 2κ
√
2gfn+2
0
√
2gfn+2 ω0Fn,2 − δ + J
 , (11)
where, for the sake of simplicity, we have utilized the shorthand notation fn+1 =
f(n+ 1)
√
n+ 1, Fn,i = (n+ i)(h(n+ i)− 1), with i = 0, 1, 2.
For all the above initial considerations, we now proceed to solve the eigenvalue
equation
HI |u(n)j 〉 = E(n)j |u(n)j 〉, (12)
for j = 1, 2, 3. Tackling this problem entails solving a cubic polynomial equation whose
roots are well-known. So, it follows straightforwardly from Cardano’s formulae that the
sought eigenvalues E
(n)
j are given by
E
(n)
j = −
1
3
βn + 2
√
−Qn cos
(
θn + 2(j − 1)pi
3
)
, (13)
with
Qn =
3γn − β2n
9
, (14)
Rn =
9βnγn − 27ηn − 2β3n
54
, (15)
θn = cos
−1
 Rn√
−Q3n
 . (16)
Nonlinear Jaynes-Cummings model for two interacting two-level atoms 6
Such eigenvalues are all real provided that Q3n + R
2
n < 0, with βn, γn and ηn being,
respectively,
βn = − (ω0Fn + J + 2κ), (17)
γn = (ω0Fn,1 − J + 2κ)(ω0(Fn,0 + Fn,2) + 2J)
+ (ω0Fn,0 + δ + J)(ω0Fn,2 − δ + J)− 2g2∆+n , (18)
ηn = − (ω0Fn,2 − δ + J)(ω0Fn,0 + δ + J)(ω0Fn,1 + 2κ− J)
+ 2g2(ω0Gn + δ∆
−
n + J∆
+
n ), (19)
where we have set the photon-number dependent functions:
Fn = Fn,0 + Fn,1 + Fn,2, (20)
∆±n = f
2
n+2 ± f 2n+1, (21)
Gn = Fn,0f
2
n+2 + Fn,2f
2
n+1. (22)
So, we let the corresponding set of normalized eigenvectors be written as
|u(n)j 〉 =
1
N
(n)
j
(
H
(n)
12 H
(n)
23 |φ(n)1 〉+H(n)23 (E(n)j −H(n)11 )|φ(n)2 〉
+
(
(E
(n)
j −H(n)22 )(E(n)j −H(n)11 )−H(n)212
)
|φ(n)3 〉
)
, (23)
for j = 1, 2, 3, and where the normalization factor N
(n)
j reads
N
(n)
j =
(
H
(n)2
12 H
(n)2
23 +
(
E
(n)
j −H(n)11
)2
H
(n)2
23 +
((
E
(n)
j −H(n)22
) (
E
(n)
j −H(n)11
)
−H(n)212
)2)1/2
.(24)
In order to further simplify subsequent algebraic manipulations we let (23) be recast as
|u(n)j 〉 =
3∑
k=1
C
(n)
jk |φ(n)k 〉, (25)
with the following correspondences
C
(n)
j,1 =
H
(n)
12 H
(n)
23
N
(n)
j
, (26)
C
(n)
j,2 =
H
(n)
23
(
E
(n)
j −H(n)11
)
N
(n)
j
, (27)
C
(n)
j,3 =
(
E
(n)
j −H(n)11
) (
E
(n)
j −H(n)22
)
−H(n)212
N
(n)
j
, (28)
from which one can also deduce that
|φ(n)j 〉 =
3∑
k=1
C
(n)
kj |u(n)k 〉. (29)
This set of results will be our starting point for examining some properties of physical
interest concerning the evolution of either the atomic system or the cavity field, such as
the population inversion, entanglement dynamics based on the purity and concurrence
features, and the evolution of the field on phase space with the help of the Q-function
representation.
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3. Evolution of the atomic system: atomic excitation, purity and
concurrence
3.1. Population inversion
Let us first examine the effect of dipole-dipole and Ising-like interactions on the dynamics
of the atomic level occupation. The time evolution of this physical feature can be
assessed by considering the inversion operator [20]
DZ =
1
2
(σ(1)z + σ
(2)
z ), (30)
together with the use of the wave function
|Φ(t)〉 = e−iHI t|Φ(0)〉, (31)
where |Φ(0)〉 is the initial state of the whole system. For the time being, let the initial
state be in a way such that the atoms are both in their corresponding excited state and
the cavity field in a coherent superposition of number states, i.e.,
|Φ(0)〉 =
∞∑
n=0
An|e, e, n〉 =
∞∑
n
An|φ(n)1 〉, (32)
which, by utilizing (29), can be rewritten as
|Φ(0)〉 =
∞∑
n=0
3∑
k=1
AnC
(n)
k1 |u(n)k 〉, (33)
so that
|Φ(t)〉 =
∞∑
n=0
3∑
k=1
AnC
(n)
k1 e
−iE(n)
k
t|u(n)k 〉,
=
∞∑
n=0
3∑
k,j=1
AnC
(n)
j1 C
(n)
jk e
−iE(n)j t|φ(n)k 〉,
=
∞∑
n=0
3∑
k=1
AnD(n)k (t)|φ(n)k 〉, (34)
where we have set the time-dependent coefficient
D(n)k (t) =
3∑
j=1
C
(n)
j1 C
(n)
jk e
−iE(n)j t. (35)
By taking the expectation value of (30) with the help of (34), and after making some
rearrangements, we arrive at the desired result for the atomic inversion
〈Φ(t)|DZ |Φ(t)〉 =
∞∑
n=0
Pn
 3∑
j=1
Λ
(n)
jj + 2
{
Λ
(n)
21 cos
(
Ω
(n)
21 t
)
+ Λ
(n)
31 cos
(
Ω
(n)
31 t
)
+ Λ
(n)
23 cos
(
Ω
(n)
23 t
)} , (36)
in which Pn = |An|2 represents the initial photon distribution function of the field,
Ω
(n)
21 = E
(n)
1 − E(n)2 =
√
−3Qn
(√
3 cos
(
θn
3
)
+ sin
(
θn
3
))
, (37)
Ω
(n)
31 = E
(n)
1 − E(n)3 =
√
−3Qn
(√
3 cos
(
θn
3
)
− sin
(
θn
3
))
, (38)
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Ω
(n)
23 = E
(n)
3 − E(n)2 = 2
√
−3Qn sin
(
θn
3
)
, (39)
with Qn and θn being given by (14) and (16), respectively. And, following a similar
notation as in Ref. [20], the weighting amplitudes Λjk’s take the form
Λ
(n)
jk = C
(n)
j1 C
(n)
k1
(
C
(n)
j1 C
(n)
k1 − C(n)j3 C(n)k3
)
, (40)
where, in turn, the Ci1 and Ci3 are given by (26) and (28).
From Eq. (36) one can readily see that, as opposed to the well-known one-atom
model, the dynamics of atomic inversion consists, save for a constant term, essentially
of a superposition of three different oscillatory components, each giving rise to three
different patterns of collapses and revivals and characterized by its own Rabi frequency
(see Eqs. (37)-(38)). It is found that this set of frequencies satisfies, in general, the
following relationships:
Ω
(n)
21 = Ω
(n)
23 + Ω
(n)
31 , (41)
1
3
(
Ω
(n)
23 + 2Ω
(n)
31
)2
+ Ω
(n)2
23 = 4| − 3Qn|, (42)
where the vertical bars | · | denote the absolute value of the quantity involved and
Qn =
1
9
{
ω20 [Fn,0(Fn,1 − Fn,0) + Fn,1(Fn,2 − Fn,1) + Fn,2(Fn,0 − Fn,2)] +
+ 2ω0(J − κ)(2Fn,1 − Fn,0 − Fn,2) + 3ω0δ(Fn,2 − Fn,0)
− 4(J − κ)2 − 3δ2 − 6g2∆+n
}
. (43)
A better picture of the evolution of this physical feature will be shown by the graphical
representation of two particular cases: Firstly, we will consider a situation in which
the atomic system is supposed to be immersed in a nonlinear Kerr-like medium within
the cavity, so that the number operator function h(n) in Eq. (2) is chosen to have the
form h(n) = 1 + χ
ω0
n, leading to the Hamiltonian of the field HF = ω0nˆ + χnˆ
2; here, χ
is construed as an anharmonicity parameter associated with the dispersive part of the
third-order nonlinearity of the medium within which the radiation field also evolves [41].
[This is, incidentally, an approximate and justified model widely used in nonlinear optics
[42, 43] whenever the medium’s time response is sufficiently small so that the medium
itself may be regarded as being able to follow the field in an adiabatic manner [42];
an agreeable and thorough treatment of the subject had already been undertaken, for
instance, by Buz˘ek and Jex [14] in their work on the Jaynes-Cummings model with only
one atom when the cavity is supposed to be filled with a Kerr-like medium]. Secondly,
the influence of the interplay between the two atoms (κ, J 6= 0) upon the population
dynamics is explored by taking into consideration a standard cavity, i.e., when h(n) = 1
(χ = 0). Unless otherwise specified, in subsequent calculations the initial state of the
field is considered to be a coherent state with a Poissonian statistiscal distribution
Pn = e
−〈n〉 〈n〉n
n!
with 〈n〉 = 10 photons.
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3.1.1. Case 1. Kerr-like cavity: h(n) = 1 + χ
ω0
n Merging the nonlinearity of the
medium within the cavity with both the dipole-dipole and Ising-like atomic interactions
leads to the following analytic expressions for Cardano’s formulae Qn and θn (Eqs. (14)
and (16)) in terms of the parameters χ, κ, and J :
Qn = − 1
9
{
(χ− 2(κ− J))2 + 12χ2(n+ 1)2 + 6g2∆+n
}
, (44)
θn = cos
−1

(χ− 2(κ− J))
[
36χ2(n+ 1)2 − (χ− 2(κ− J))2 − 9g2∆+n
]
+ 54g2χ(n+ 1)∆−n(
(χ− 2(κ− J))2 + 12χ2(n+ 1)2 + 6g2∆+n
)3/2
 ,
where the number-dependent function f(n) describing the nonlinear dipole coupling be-
tween the field and the atoms remains implicit into the frequency shifts ∆±n and the
cavity frequency is assumed to match the atomic transition frequency (δ = 0). It is
worth highlighting that this set of equations can also be viewed as dependent on the
difference κ− J for a given χ, instead of focusing separately on the values of κ and J .
Such a dependency is of course reflected upon the Rabi frequencies (37)-(39) and the set
of weighting amplitudes (40) by direct substitution of Qn and θn given above. It is clear
then that the dipole-dipole and Ising interactions cancel each other when the equality
κ = J holds, as though there was a kind of trade-off between both atomic interactions.
The evolution of atomic excitation exhibits its characteristic collpase-and-revival
behavior (explained in terms of the granular statistics of the field [4]) but in a not-so-
conventional fashion, depending on whether the nonlinear character of the medium is
featured or whether the interplay of the atoms, together with the nonlinear coupling
between them and the radiation field, is taken into account in our description. For
instance, one can see from the sequence of graphs in Fig. 1 (a) that in the case of a
linear coupling, for which f(n) = 1, and under the condition κ = J , the appearance of
revivals in the dynamics of atomic excitation tends to be more frequent insofar as the
value of χ increases, and the profile of such revivals becomes sharpened and squeezed in
the meanwhile. Following this sequence, the results also reveal the fact that the offset
created by the constant term in the atomic excitation turns out to be highly dependent
on χ; the larger its value, the more significant its contribution to the deviation from
the abscissa where 〈DZ〉 = 0. On the other hand, adding a Buck-Sukumar-like function
f(n) =
√
n to the coupling between the atoms and the field fuels significantly the
foregoing behavior as far as the profile and the number of revivals we observe, although
in this case their frequency of appearance remains almost unchanged provided we keep
ourselves confined to these restricted values of χ (see Fig. 1 (b)). Comparatively, the
offset seems to be less sensitive to the combined effect of both nonlinear contributions.
Some structure in the overall atomic population profile can be found if the
anharmonic regime of the cavity field, in combination with the interatomic interplay and
the current intensity dependent atom-field coupling, is such that the condition χ/g  1
holds. Let us consider a situation in which the relationship between the aforesaid
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Figure 1. Plots of the time evolution of atomic inversion 〈DZ〉 for an initially coherent
state with 〈nˆ〉 = 10 photons. The parameters are δ = 0, g = 5× 10−4, κ− J = 0, with
h(n) = 1 + χω0n, f(n) = 1 (left panel) and f(n) =
√
n (right panel). The following
cases are considered: χ/g = 1/8, 1/4, 3/8, and 1/2, corresponding to red, blue, green
and black curves, respectively.
anharmonicity and the atomic interplay is such that χ = 2(κ − J). This particular
scenario allows us to simplify further our algebraic results and, more importantly,
quantify in some detail the dynamics of the atomic population when the above-
mentioned influences are compounded. So, under the additional condition 〈n〉  1
(i.e., in the limit of moderately high field intensities), one gets, in terms of what we
have labeled, for the time being, as the scaled anharmonicity parameter x = χ/g (with
g being the coupling constant), the following effective approximations for the weighting
amplitudes (40):
Λ
(x)
21 ≈ 0, (45)
Λ
(x)
31 ≈
1
4(1 + x2)(x2 + x
√
1 + x2 + 1)
, (46)
Λ
(x)
23 ≈
1
4(1 + x2)(x2 − x√1 + x2 + 1) , (47)
which are taken to be common to all oscillatory components in (36) around 〈n〉.
Likewise, for the ones associated with the offset’s contribution we obtain
Λ
(x)
11 ≈ −
x2 + x
√
1 + x2
4(x2 + x
√
1 + x2 + 1)3
, (48)
Λ
(x)
22 ≈ −
x2 − x√1 + x2
4(x2 − x√1 + x2 + 1)3 , (49)
Λ
(x)
33 ≈ 0. (50)
We now proceed to provide an approximate version of the Rabi frequencies Ω
(x,n)
31 and
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Ω
(x,n)
23 , regarded as functions of the independent variables x and n, by expressing them
in terms of their Taylor’s series expansion about the point (x, n) = (0, 〈n〉); this is so
because, as functions of n, such frequencies are supposed to be strongly weighted around
〈n〉 by virtue of the Poissonian statistics of the initial coherent field. That is,
Ω
(x,n)
ij = Ω
(0,〈n〉)
ij +
∂
∂n
Ω
(0,〈n〉)
ij (n− 〈n〉) +
∂
∂x
Ω
(0,〈n〉)
ij x (51)
+
1
2!
[
∂2
∂n2
Ω
(0,〈n〉)
ij (n− 〈n〉)2 + 2
∂2
∂n∂x
Ω
(0,〈n〉)
ij (n− 〈n〉)x+
∂2
∂x2
Ω
(0,〈n〉)
ij x
2
]
+O(x3, n3).
Based on (38) and (39), together with the set of equations (44), the corresponding
expansion coefficients, up to second order in x and n, take the form
Ω
(0,〈n〉)
31 = Ω
(0,〈n〉)
23 ≈ g (2〈n〉+ 3) , (52)
∂
∂n
Ω
(0,〈n〉)
31 =
∂
∂n
Ω
(0,〈n〉)
23 ≈ 2g, (53)
∂
∂x
Ω
(0,〈n〉)
31 = −
∂
∂x
Ω
(0,〈n〉)
23 ≈ 3g, (54)
∂2
∂n∂x
Ω
(0,〈n〉)
31 = −
∂2
∂n∂x
Ω
(0,〈n〉)
23 =
3g(2〈n〉2 + 8〈n〉+ 7)
∆+2〈n〉
≈ 0, for 〈n〉  1, (55)
∂2
∂n2
Ω
(0,〈n〉)
31 =
∂2
∂n2
Ω
(0,〈n〉)
23 ≈
√
2g
∆
+3/2
〈n〉
, (56)
∂2
∂x2
Ω
(0,〈n〉)
31 =
∂2
∂x2
Ω
(0,〈n〉)
23 ≈
4g(〈n〉+ 1)2√
2∆+〈n〉
. (57)
Here, aside from the homogeneous terms Ω
(0,〈n〉)
ij ,
∂
∂x
Ω
(0,〈n〉)
ij , and
∂2
∂x2
Ω
(0,〈n〉)
ij , each
derivative of Ω
(x,n)
ij with respect to n is known to define different time scales [44, 45]: the
first order derivatives are responsible for the revival behavior whose periodicity is easily
determined to be tR = 2pi/| ∂∂nΩ(0,〈n〉)ij |, whereas, at least in the regime we are working on,
the second and higher order ones give rise to dephasing effects that become significant
over much longer time scales.
So, after substituting (52)-(57) into (51), we arrive, up to first order in n, at the
sought approximations
Ω
(n)
31 ≈ g
(
2n+ 3(1 + x) + ϕ〈n〉x2
)
, (58)
Ω
(n)
23 ≈ g
(
2n+ 3(1− x) + ϕ〈n〉x2
)
, (59)
where ϕ〈n〉 ≈
√
2(〈n〉+ 1)2/
√
∆+〈n〉 is an average-photon-number dependent phase shift;
this behaves approximately as a linearly increasing function of 〈n〉 for f(n) = √n,
hence even second order contributions of x cannot be ignored for sufficiently high field
intensities. On the basis of this set of approximations, we finally work out that the
atomic inversion takes the form
〈Φ(t)|DZ |Φ(t)〉 ≈ Λ(x)11 + Λ(x)22 + e−2〈n〉 sin
2(τ)
{
Λ
(x)
31 cos
[
3(1 + x)τ + ϕ〈n〉x2τ + 〈n〉 sin(2τ)
]
+ Λ
(x)
23 cos
[
3(1− x)τ + ϕ〈n〉x2τ + 〈n〉 sin(2τ)
] }
, (60)
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where τ = gt. In Fig. 2 we show, within the scaled interval 0 ≤ τ ≤ 16pi, the outcome
of this approximation (frame (a)) that is in agreement with the exact one coming di-
rectly from Eq. (36) (frame (b)) whenever τ  √2∆+3/2〈n〉 /〈n〉 ≈ 4〈n〉2 holds; needless
to say, this is so since the removal of second order contributions of n in the Taylor
series demands such a restriction. The evident aspect of the atomic evolution is that
it exhibits a kind of beating behavior enclosing, in turn, a series of revivals of shorter
duration. From Eq. (60), the periodicity of the beating modulation, as well as the
collapse and revival times corresponding to the confined revivals, can be approximately
quantified. In this regard, we get τ ≈ mpi/3x = gmpi/3χ, with m being an integer, for
the modulation frequency, whereas τR ≈ pi and τC ≈ 1/
√
2〈n〉 for the inner revival and
collapse times, respectively. This set of calculations were performed by considering a
scaled anharmonicity parameter x ≈ 0.03 and a coherent field with 〈n〉 = 20 photons.
It is worth highlighting the fact that even a very slight and/or inconspicuous
deviation from the standard cavity produced by the Kerr-type nonlinearity, necessarily
combined with an intensity dependent atom-field coupling, can produce a somewhat
well-structured population dynamics. On the the contrary, if the the nonlinear character
of the atom-field coupling is switch off, i.e., f(n) = 1, the overall behavior looks like that
in Fig. 1 (a) and seems to be, in turn, qualitatively similar to the one-atom case reported
in the work of Go´ra and Jedrzejek [46], a regime under which the structures described
above do not take place. And, as mentioned at the outset of this work, our model not
only goes beyond the one-atom case to consider the one of two interacting atoms but
also would give us the possibility of exploring any other regime and/or physical scenario
in which more complex atom-field couplings may be engineered [40].
Figure 2. Plots of atomic excitation 〈DZ〉 calculated from Eqs. (60) (red line)
and (36) (blue line) in the Buck-Sukumar regime (f(n) =
√
n) and interacting atoms
within a Kerr-like cavity such that χ/g = 2(κ − J)/g = 1/32, with the field being
initially in a coherent state having an average photon number 〈n〉 = 20.
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3.1.2. Case 2. Standard cavity: h(nˆ) = 1 As to the standard cavity field, for which
χ = 0, Cardano’s formulae become
Qn = − 2
9
(
2(κ− J)2 + 3g2∆+n
)
, (61)
θn = cos
−1
(
1√
2
(κ− J) (4(κ− J)2 + 9g2∆+n )
(2(κ− J)2 + 3g2∆+n )3/2
)
. (62)
So, using these expressions enables us to deploy Eq. (36) in a way such that it can
be viewed as a function of the difference κ − J , as we have mentioned before. The
dynamics of the atomic occupation is displayed in Fig. 3 for (κ− J)/g = 1/8, 1/4, 3/8
and 1/2. In this regime, concerning the case in which f(n) = 1 (see Fig. 3 (a)), the
atomic system exhibits a somewhat similar collapse-and-revival behavior to that in the
well-known standard two-atom Jaynes-Cummings model [18], save for the fact that it
is observed a faster blurring of the train of revivals with the increase of the difference
κ − J . However, we see a completely different pattern when both the dipole-dipole-
and-Ising interactions and the Buck-Sukumar coupling (f(n) =
√
n) are compounded
(see Fig. 3 (b)). It is interesting to note that both contributions, working together,
foster the formation of well-structured profiles of beats composed of a number of inner
revivals, as seen, for instance, more remarkably from the red and blue graphs in Fig. 3
(b) corresponding to the cases when (κ − J)/g = 1/8 and 1/4, respectively; one sees
that this is not an exclusive behavior of the Kerr effect observed previously. We also
point out that neither the dipole-dipole-and-Ising interactions nor its combination with
the nonlinear atom-field coupling play a proponderant role in the atomic excitation’s
offset.
Motivated by the above results involving both the nonlinear atom-field coupling
(f(n) =
√
n) and the interatomic interplay within the regime 0 < (κ− J)/g < 1 (which
is, in fact, slightly less restrictive than that of the Kerr-like cavity) where the evolution
of atomic excitation reveals what seems to be a regular and well-structured profile, we
undertake the task of looking for a suitable approximation in order to gain some insight
into such a behavior. It turns out that, for 〈n〉  1, the weighting amplitudes given by
(40) are found to be well approximated as follows: Λ
(n)
21 ≈ 0 and Λ(n)31 ≈ Λ(n)23 ≈ 1/4. On
the basis of Eqs. (61) and (62), let us now make a Taylor expansion of the surviving
Rabi frequencies (38) and (39) in (κ−J)/g and n by employing Eq. (51) to get explicitly
the corresponding expansion coefficients up to second order in x and n:
Ω
(0,〈n〉)
31 = Ω
(0,〈n〉)
23 ≈ g (2〈n〉+ 3) , (63)
∂
∂n
Ω
(0,〈n〉)
31 =
∂
∂n
Ω
(0,〈n〉)
23 ≈ 2g, (64)
∂
∂x
Ω
(0,〈n〉)
31 = −
∂
∂x
Ω
(0,〈n〉)
23 ≈ g, (65)
∂2
∂n∂x
Ω
(0,〈n〉)
31 =
∂2
∂n∂x
Ω
(0,〈n〉)
23 ≈ 0, (66)
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∂2
∂n2
Ω
(0,〈n〉)
31 =
∂2
∂n2
Ω
(0,〈n〉)
23 ≈
g
2(〈n〉+ 3/2)3 , (67)
∂2
∂x2
Ω
(0,〈n〉)
31 =
∂2
∂x2
Ω
(0,〈n〉)
23 ≈
g
2〈n〉+ 3 . (68)
Here, we have set x = (κ− J)/g and all derivatives are evaluated at the point (0, 〈n〉);
additionally, we have applied the fitting approximation ∆+〈n〉 ≈ 12(2〈n〉 + 3)2. At this
point, as opposed to the Kerr-cavity case, given the inverse proportionality of (68) as a
function of 〈n〉 it makes sense to retain only contributions up to first order in x in the
expansion, thereby getting
Ω
(n)
31 ≈ g
(
2n+ 3 +
κ− J
g
)
, (69)
Ω
(n)
23 ≈ g
(
2n+ 3− κ− J
g
)
, (70)
where we have also found it convenient to cut the series up to first order terms in n,
as long as we restrict ourselves to proper time scales. On substituting all the foregoing
approximate expressions into Eq. (36), we obtain the sought result
〈Φ(t)|DZ |Φ(t)〉 ≈ cos ((κ− J)τ/g)
∞∑
n=0
Pn cos ((2n+ 3)τ) , (71)
where we have set τ = gt. This expression is, in turn, summed exactly to arrive at the
following closed form
〈Φ(t)|DZ |Φ(t)〉 ≈ e−2〈n〉 sin2(τ) cos ((κ− J)τ/g) cos [3τ + 〈n〉 sin(2τ)] . (72)
Based on this approximate result, the evolution of atomic excitation can be
understood in terms of the product of what we can identify as an envelope factor,
e−2〈n〉 sin
2(τ) cos ((κ− J)τ/g), and a more rapidly oscillating cosine function. The
essential feature of the former is twofold as depicted in Fig. 4 (a). I.e., on the one
hand, it transpires that the exponential part of it takes part in enveloping the inner
revivals generated by the term of higher frequency cos [3τ + 〈n〉 sin(2τ)]; incidentally,
the argument of the latter, in contrast to the one-atom model, contains an additional
time dependent term, 3τ , that is in fact responsible for the alternating phase inversion of
successive revivals at the first stages of atomic evolution, as seen in Fig. 4 (b) where, for
the sake of comparison, we have also depicted the exact result obtained by means of Eq.
(36) for the particular case of (κ − J)/g = 1/8 in the scaled interval 0 ≤ gt ≤ 4pi. On
the other hand, it follows that the dipole-dipole and/or Ising interactions constrain the
overall modulation amplitude (outer, red, dashed line in Fig. 4 (a)) via the enveloping
term of lower frequency, cos ((κ− J)τ/g), thereby giving rise to the above-mentioned
characteristic train of beats; their periodicity is easily determined to be held at times
τ = gmpi/(κ − J), with m being an integer. We have plotted in Fig. 4 (c) the exact
result (blue, continuous line) in the same interval as that of the approximate version
of it in Fig. 4 (a), i.e., 0 ≤ gt ≤ 16pi, where the qualitative behavior of the former is
well reproduced by the latter even at such time scales. Finally, both the exact (blue,
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continuous line) and approximate (red, dashed line) results are displayed together in Fig.
4 (d) in a much more faraway time interval, where it is clear that the outcome of Eq. (72)
(red, dashed line) fails at these far longer times. This noticeable discrepancy between
the approximate and the exact results is due in part to the asymptotic approximations
involving the weighting amplitudes and the number-dependent frequency shifts ∆+n given
above and primarily to the removal of the second order contributions of n in the Taylor
expansion of the Rabi frequencies. Based on (51) and (67), as long as we restrict
ourselves to time scales such that τ  2〈n〉
(
∂2Ω
(0,〈n〉)
ij
∂n2
)−1
∼ 4〈n〉2, with τ = gt, Eq. (72)
gives us an illustrative and quite acceptable first approximation and becomes more and
more accurate for longer periods of time as the coherent-state average photon number
〈n〉 increases. And, in exactly the same way as in the Kerr cavity case, one can extract
from it some useful information concerning the inner collapse and revival times, namely,
τC ≈ 1/
√
2〈n〉 and τR = pi, respectively, and, it is of some importance to remark that
both of them turn out to halve their corresponding value in the one-atom case [8]. This
specific set of calculations was carried out by considering the initial state of the field as
being in a coherent state with 〈n〉 = 20 photons.
Figure 3. Plots of the time evolution of atomic inversion 〈DZ〉 for an initially coherent
state with 〈nˆ〉 = 10 photons. The parameters are δ = 0 and χ = 0, with h(n) = 1,
f(n) = 1 (left column) and f(n) =
√
n (right column). The following cases are
considered: (κ−J)/g = 1/8, 1/4, 3/8, and 1/2, corresponding to red, blue, green, and
black curves, repsectively.
3.2. Purity and concurrence
From the point of view of quantum information, another feature that deserves to be
examined is the entanglement dynamics of the two interacting atoms. To do this, let
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Figure 4. Plots of atomic excitation 〈DZ〉 calculated from Eqs. (36) (blue, continuous
line) and (72) (red, dashed line) in the Buck-Sukumar regime (f(n) =
√
n) and
interacting atoms ((κ − J)/g = 1/8) with the field being initially in a coherent state
with average photon number 〈n〉 = 20. Frames (a) and (c) show the evolution of atomic
excitation within the time interval 0 ≤ gt ≤ 16pi. Frames (b) and (d) encompass two
widely separated time intervals, 0 ≤ gt ≤ 4pi and 412pi ≤ gt ≤ 420pi, respectively, so
as to emphasize the limitation of the approximation (72).
us now suppose that our atomic system is initially prepared in the symmetric entangled
state given, for a definite number of photons n, by Eq. (9). In doing so, and following
the same procedure as that outlined above for the atomic excitation, one finds that the
state of the composite system evolves as follows:
|Φ(t)〉 =
∞∑
n=0
3∑
k=1
AnD(n)k (t)|φ(n)k 〉, (73)
where, again, the state of the cavity field is supposed to be in a general superposition
of number states, each of them weighted by the set of amplitudes An, and the time-
dependent coefficient takes now the form
D(n)k (t) =
3∑
j=0
C
(n)
j2 C
(n)
jk e
−iE(n)j t. (74)
Thus, starting from the corresponding density operator of the atom-field system, namely,
ρˆAF = |Φ(t)〉〈Φ(t)| =
∑
n,m
∑
j,k
AnA
∗
mD(n)k (t)D(m)∗j (t)|φ(n)k 〉〈φ(m)j |, (75)
we first proceed to calculate the purity of the atomic system alone by means of the
standard definition of this property
P (ρˆA) = Tr{ρˆ2A}, (76)
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where ρA represents the reduced density operator of the atoms computed via
ρˆA = TrF{ρˆAF}, (77)
with TrF denoting the trace over the field variables. Hence, one obtains for the reduced
density operator
ρˆA =
∞∑
n
3∑
j,k=1
An+j−kA∗nD(n+j−k)k (t)D(n)∗j (t)|φk〉〈φj|, (78)
where the set of atomic states {|φk〉} comes from having made use of a shorthand
notation for the basis (8)-(10), namely, we have labeled |φ(n)k 〉 = |φk〉⊗|n+k−1〉 with the
following correspondences: |φ1〉 = |e, e〉, |φ2〉 = (|e, g〉+ |g, e〉) /
√
2, and |φ3〉 = |g, g〉.
Then, on substituting the last expression into (76), we get
P (ρˆA) =
3∑
j,k=1
∣∣∣∣∣
∞∑
n
An+j−kA∗nD(n+j−k)k (t)D(n)∗j (t)
∣∣∣∣∣
2
. (79)
In this context, the expression for the purity given above can be understood as a tool
giving an account of the degree of entanglement between the atomic system and the
cavity field, with the latter being viewed as the environment, and of particular interest
to us will be, again, a radiation field in a coherent superposition of number states.
The evolution of the purity of the atomic system for a field initially prepared in a
coherent state with |α|2 = 〈n〉 = 10, is depicted in Fig. 5 encompassing the nonlinear
regimes considered so far. More precisely, the figure aims to stress the role of the
nonlinear atom-field coupling (i.e., the Buck-Sukumar regime in which the coupling
function f(n) =
√
n) as well as the inherent nonlinearity of the Kerr-like cavity in
the evolution of the aforementioned quantity. Figures 5 (a) and (b) show, respectively,
the corresponding outcomes when either a linear or a nonlinear atom-field coupling
is taken into consideration. Frame (a) indicates, for instance, that within the linear
regime (f(n) = 1) of the standard cavity the central system of interacting atoms
((κ− J)/g = 1/4; gray curve) tends to be more robust against decoherence at the first
stages of its evolution in opposition to the Kerr-like cavity case (χ/g = 1/4; black curve)
with non-interacting atoms (κ−J = 0). Even though both cases display a kind of spiky
behavior as time elapses, in the Kerr-like cavity the appearance of small, distinguishable
and almost regular spikes revelas a very weak attempt to restore the initial coherence
of the atomic system. This behavior seems to be reinforced and much more frequent
when the intensity dependent coupling is featured (f(n) =
√
n), as seen in Frame 5
(b) on a shorter time scale. I.e., we see that the atom-atom interaction in conjunction
with the Buck-Sukumar coupling (gray curve) strengthens the possibility of recovering
almost completely the initial phase information of the two atoms at certain and more
regular time instants. When both the Kerr-like cavity and the nonlinear coupling are
working together (frame (b); black curve), the atomic system becomes most of the time
less robust against decoherence, but it exhibits, in a haphazard fashion, more frequent
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and pronounced spikes than those appearing in the case of linear coupling (see frame
(a); black curve).
Regarding the dipole-dipole and Ising-like atomic interactions, it has been verified
that their influence upon the purity dynamics of the atoms themselves do not give
rise to significant changes in the general behavior of it at least within the range
0 < (κ − J)/g ≤ 1.5, as shown in Fig. 6 (a) for three different time instants, namely,
gt = pi/4, pi/2 and pi. Each of these correspond respectively, and approximately, to the
second, third and fifth maximum in the evolution of purity shown in Fig. 5 (b) for the
Buck-Sukumar-like coupling case (gray curve). So, as a function of the effective atomic
parameter (κ − J)/g, we can see that the purity decreases gradually when we extend
the range of values of κ−J ; secondarily, in the regime when (κ−J)/g > 1.5, the profile
of the atomic purity as a function of time was also found to undergo an inconspicuous
phase shift with respect to the case when κ − J = 0 just at the first stages of the
evolution.
A somewhat different behavior is observed in the case of a Kerr-like cavity illus-
trated in Fig. 6 (b) for the same time instants. From the figure we see that what started
off being an almost pure atomic state ended up being a state that loses its initial coher-
ence with the increase of χ/g, and the decay of this atomic coherence turns out to be
far more pronounced than that of the previous case. By contrast, far beyond the range
of values of the anharmonicity parameter considered so far, say, when χ/g > 1.5, the
atomic purity seems to display a raising tendency as the aforesaid parameter increases.
We surmise that this last conduct may be closely linked to the atomic population trap-
ping effect [14] induced by the presence of the nonlinear medium through a kind of
detuning effect at such high values of χ/g.
Figure 5. Plots of the evolution of atomic purity calculated from Eq. (79) for the
field being initially in a coherent state with an average photon number 〈nˆ〉 = 10. The
parameters are (κ− J)/g = 1/4 (gray line) and χ/g = 1/4 (black line), with f(n) = 1
(Frame (a)) and f(n) =
√
n (frame (b)).
In order to close and complement the present subsection, let us report briefly the
influence of the nonlinearities of the model on the degree of entanglement between
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Figure 6. Atomic purity calculated from Eq. (79) plotted, separately, as a function
of (κ − J)/g (frame (a)) and χ/g (frame (b)) for the time instants gt = pi/4 (green),
pi/2 (red), and pi (blue). The field is initially in a coherent state with an average
photon number 〈nˆ〉 = 10, and the interplay between it and the atoms takes place in
the Buck-Sukumar regime (f(n) =
√
n).
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Figure 7. Plots of the evolution of atomic concurrence for the field being initially
in a coherent state with an average photon number 〈nˆ〉 = 10. The parameters are
(κ− J)/g = 1/4 (blue line) and χ/g = 1/4 (red line), with f(n) = √n.
the two atoms. This quantity can be suitably measured by dint of concurrence
[47], which, for an arbitrary two-qubit system, is given by the expression C(ρA) =
max{0, λ1 − λ2 − λ3 − λ4}, where the λi’s are the square roots of the eigenvalues of the
matrix ρAσ
(1)
y σ
(2)
y ρ
∗
Aσ
(1)
y σ
(2)
y in a non-increasing order, with ρA being the reduced density
matrix of the atomic system. This calculation is entirely carried out numerically by
solving the problem in the computational basis {|g, g〉, |g, e〉, |e, g〉, |e, e〉}.
Figure 7 displays the concurrence dynamics of the atoms for the same set of
parameters as in Fig. 5 (b) for purity. From the figure, one can see that the Buck-
Sukumar coupling plays a preponderant role in bolstering the entanglement at certain
times (see blue curve) that seem to be held approximately at integer multiples of
gt = pi/2 within the shown interval. This is in agreement with some results encountered
for the evolution of concurrence using a non-interacting qubit as a probe [48] and it
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is a consequence of the periodicity of the dynamics generated by the Buck-Sukumar
interaction. A peculiar aspect that deserves to be noted is the fact that, on time
domain, the appearance of the maxima of entanglement partially coincides with the one
observed in purity dynamics just at such time instants; this is so inasmuch as the latter
was found to reach its maximum values at integer multiples of gt = pi/4, approximately,
at least within the time interval pointed out in Fig. 5 (b). The presence of a Kerr-like
medium, on the other hand, tends to undermine the entanglement between the atoms
(red curve). This conduct is also somewhat similar to the one observed for purity and
becomes more and more unpredictable as time elapses and with the increase of the
ratio of the anharmonicity parameter to the coupling constant χ/g. Once again, the
dipole-dipole and Ising atomic interactions did not give rise to significant changes in the
foregoing evolution in the range of values 0 < (κ − J)/g ≤ 1/2 and under the present
nonlinear atom-field coupling scheme.
4. Evolution of the field: entropy and phase space
In this last section we will try to describe the influence of the nonlinearities of the
model upon the evolution of the cavity field by analyzing it in terms of its entropy and
representation on phase space. Let us first examine the degree of mixture of the state
of the field in terms of the von Neumann entropy [49]
S = −Tr{ρˆ ln ρˆ}, (80)
where ρˆ is the density operator of the system it seeks to describe, in our case the cavity
field. One way of facilitating the evaluation of this quantity is to invoke the theorem
of Araki and Lieb [50] from which it is stated that if the composite atom-field system
is initially in a pure state, then the entropies of the field and atomic subsystems would
have to have equal values at t > 0. So, instead of using the reduced density matrix of
the field to evaluate its entropy, one can equivalently make use of the reduced operator
associated with the atomic system alone (see Eq. (78)), for which, by virtue of its
dimension, we just have a set of three eigenvalues λ1,2,3, and then the field entropy
acquires the simpler form
SF = −
3∑
i=1
λi lnλi, (81)
which ranges from 0, for a pure state, to ln(3), for a maximally mixed state.
In Fig. 8 we show the evolution of the field entropy within the interval 0 ≤ gt ≤ 2pi,
where the field is initially in a coherent state with 〈n〉 = 10 photons, and the initial
state of atomic system is such that the two atoms are considered to be in the excited
state |e, e〉 (Fig. 8 (a)) or the symmetric state (|e, g〉 + |g, e〉)/√2 (Fig. 8 (b)). In
the figures, the black curves correspond to the case in which we have a linear coupling
between the atoms and the field (f(n) = 1), and the cavity is supposed to be filled with
a Kerr-like medium such that χ/g = 1/8. The gray curves, on the other hand, describe
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the evolution of entropy when considering a Buck-Sukumar coupling, f(n) =
√
n, in the
case of a standard cavity (χ = 0). Besides begin highly dependent upon the initial state
of the atomic system, the general behavior of the field entropy seems unpredictable when
both the linear atom-field coupling and the nonlinear medium are included, save for the
appearance of slightly pronounced and barely regular spikes at certain time instants
(see Fig. 8 (b), black curve) indicating a tendency for the state of the field to recover,
not completely, its purity when the atomic state is the maximally entangled one at the
outset of its evolution. This last behavior is bolstered by the nonlinear Buck-Sukumar
atom-field coupling within a standard cavity during the first stages of the time evolution
(gray curves). During the shown time interval, there are specific time instants, integer
multiples of pi/4 in the dimensionless time variable gt, when the minima of the field
entropy take place. At such time instants, the state of the field is almost pure when
considering the state of the atoms to be initially in the maximally entangled state, a
behavior that seems to be also in agreement with the atomic purity in Fig. 5 (b) as
expected.
As a function of the whole atomic and anharmonicity parameters, (κ − J)/g and
χ/g, respectively, and in a wider range of their values than the one considered so far,
it is depicted in Fig. 9 the field entropy at the time instants gt = pi/4, pi/2 and pi for
the nonlinear coupling case described in Fig. 8 (b), gray curve, when the entropy seems
to reach the first three minimum values. In similarity to the atomic purity, neither the
dipole-dipole nor the Ising interaction has significant bearing on the entropy of the field,
which means that such interactions preserve to some extent the purity of the subsystems.
On the other hand, at the same time instants, the field evolves into a maximally mixed
state quite rapidly with the increase of the anharmonicity parameter of the nonlinear
medium, as seen in Fig. 9 (b), within the interval 0 ≤ χ/g ≤ 0.5, approximately. For
χ/g > 1.5, we see once again a tendency to evolve into a pure state such as that of the
atomic purity displayed in Fig. 6 (b) in this strong nonlinear regime.
Let us now make a qualitative connection of the above results on entropy with
a pictorial image provided by the so-called Q function. Before doing so, let us first
establish the reduced density operator of the field computed via the following operation
ρˆF = TrA{ρˆAF}, (82)
where TrA now indicates the trace over the atomic variables, and ρˆAF , as stated earlier,
denotes the density operator of the whole system composed of the field and the two
atoms. Again, we shall regard the two atoms as being initially in their corresponding
excited states, |e, e〉, or in the maximally entangled state, (|e, g〉+|g, e〉)/√2. So, starting
from the density operator of the composite system given by Eq. (75), together with the
use of (82), the reduced density operator of the field looks like
ρˆF =
∞∑
m,n=0
3∑
k=1
AnA
∗
mD(n)k (t)D∗(m)k (t)|n+ k − 1〉〈m+ k − 1|, (83)
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Figure 8. Plots of the evolution of field entropy calculated from Eq. (81) when
considering the atomic system being initially in its excited (frame (a)) and maximally
entangled state (frame (b)) for a standard (gray curve) and a Kerr-like cavity (black
curve). The field starts being a coherent state with 〈nˆ〉 = 10 photons and its coupling
with the atoms is nonlinear in Buck-Sukumar’s sense (f(n) =
√
n) and in the regime
when (κ− J)/g = 0.
Figure 9. Field entropy calculated from Eq. (81) and plotted, separately, as a function
of (κ − J)/g (frame (a)) and χ/g (frame (b)) for the time instants gt = pi/4 (green),
pi/2 (red), and pi (blue). The field is initially in a coherent state with an average
photon number 〈nˆ〉 = 10, and the interplay between it and the atoms takes place in
the Buck-Sukumar regime (f(n) =
√
n).
and the time-dependent coefficient D(n)i (t) is chosen to be either the one given by Eq.
(35) or Eq. (74), depending upon the initial state of the two atoms.
By definition, the Husimi-Q distribution is given by
Q(α) =
1
pi
〈α|ρˆF |α〉, (84)
where, on substituting (83) into the last expression, we thus arrive at the desired result
Q(α) =
e−|α|
2
pi
∞∑
m,n
3∑
k=1
AnA
∗
mα
mα∗n|α|2(k−1)D(n)k (t)D∗(m)k (t)√
(m+ k − 1)!(n+ k − 1)!
. (85)
So, with the help of the above expression for the Q function, some interesting fea-
tures of the radiation field in phase space will be described by focusing our attention
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primarily upon the role played by the nonlinear character of the model. In what fol-
lows all the results concerning the evolution on phase space are presented by taking the
cavity field to be initially in a coherent state with average photon number 〈n〉 = 10
and the atoms to be in the non-interacting regime, i.e., κ − J = 0; this is so because
the contribution of the atomic interplay to the field’s evolution has proven so far to be
subtle at least within the restricted range of values of the effective atomic parameter
(κ− J)/g and over the time scales considered here.
The corresponding results concerning the Buck-Sukumar regime, f(n) =
√
n, and
the cases in which the field is allowed to evolve within a standard or a nonlinear Kerr-
like cavity are shown in Figs 10 and 11, respectively, at times gt = pi/4, pi/2, 4pi/3 and
pi, just when the entropy of the field described earlier reaches approximately some of
its first minimum values, which was particularly noticeable when a standard cavity is
taken into consideration. In this regard, we see in Fig. 10 that the development of
the field turns out to be highly dependent upon the initial sate of the atomic system.
For instance, if the two atoms are initially placed in their excited state (upper row),
this circumstance can produce the formation of what seems to be well localized phase
components of the field, from two to three of them at times gt = pi/4, pi/2 and 3pi/4,
that are reminiscent of the so-called Schro¨dinger-cat states, whereas only up to two
phase components can be generated when the atoms are initially in the maximally en-
tangled state (lower row, at times gt = pi/4 and 3pi/4). However, based on the results
of the field’s entropy (see Fig. 8 (a), gray curve) at such time instants, neither the
triple nor the double phase components are altogether pure states of the field, given
that the minimum of entropy is not small enough to guarantee the purity of such states,
thus having certain properties of a mixed state to some degree. This is not so when
the field is almost re-focused into a single component, at gt = pi, as it started off at
the outset of its evolution. On the other hand, if we now see Fig. 8 (b), gray curve,
as a reference, it is found that the state of the field characterized by the double phase
components at gt = pi/4 and 3pi/4, as well as the single ones at gt = pi/2 and pi, are
almost pure states as far as the entropy’s outcome is concerned. This conduct repeats
itself periodically during the very first stages of field’s evolution and its representation
is constrained to develop around the phase space origin on a circle of radius
√
〈n〉 ≈ √10.
As for the Kerr-like cavity, it is found that the nonlinear medium is able to create
a richer cat-like splitting than the one we observe in the standard cavity case, as seen
in some of the frames of Fig. 11, say, at times gt = 3pi/4 and/or pi, depending on the
initial state of the atomic system. But, according to entropy’s outcome at such time
instants (see, as a reference, Figs. 8 (a) and (b), black curve), the degree of purity of the
corresponding field states is not-so-significant as is the previous case; instead, most of
the time they exhibit the proper character of a mixed state regardless of the initial state
of the atoms, and their frequency of appearance is no longer periodic as a function of
time. At the beginning of the evolution, the Kerr effect manifests itself in the distortion
Nonlinear Jaynes-Cummings model for two interacting two-level atoms 24
of the field, namely, in some cases, the phase of it is warped and curved in a single or
double deformed elongated rim at first (see, for instance, frame (a), upper row; frames
(e) and (f), lower row) and then is spread over a kind of phase space ring composed of
a number of cat-like states as time elapses (frame (g), lower row). This behavior was
proven to be more unpredictable throughout an extended time interval far beyond the
one pointed out in the present results.
Finally, it is worth mentioning that the Kerr effect on field’s phase space has
thoroughly been investigated by several authors in several circumstances involving atom-
field interactions, among them we can cite the work of Werner and Risken [51] on the
dynamics of the Q-function for a two-level atom; the generation of superpositions of
distinguishable states by means of Yurke and Stoler’s model [52]; the treatment of one-
and two-photon Jaynes-Cummings models with one atom via a Pegg-Barnett Hermitian
phase operator formalism undertaken by Gantsog et al [53]; and, more recently, a
nonlinear version of the Jaynes-Cummings model and its nonlinear coherent states based
upon the f-deformed oscillator formalism has also been introduced [54].
Figure 10. Contour plots of the Husimi-Q function for the field being initially in a
coherent state with 〈nˆ〉 = 10 photons and the atomic system in its excited (upper row)
or maximally entangled state (lowger row) for the time instants gt = pi/4, pi/2, 3pi/4,
and pi. Within the Buck-Sukumar regime, f(n) =
√
n, the plots are computed by
considering the following parameters: δ = 0, (κ − J)/g = 0 (non-interacting atoms),
and χ/g = 0 (standard cavity).
5. Conclusions
In this work we have put forward and provided the solution of a nonlinear version of the
Jaynes-Cummings model for two identical two-level atoms allowing for Ising-like and
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Figure 11. Contour plots of the Husimi-Q function for the field being initially in a
coherent state with 〈nˆ〉 = 10 photons and the atomic system in its excited (upper row)
or maximally entangled state (lowger row) for the time instants gt = pi/4, pi/2, 3pi/4,
and pi. Within the Buck-Sukumar regime, f(n) =
√
n, the plots are computed by
considering the following parameters: δ = 0, (κ − J)/g = 0 (non-interacting atoms),
and χ/g = 1/8 (Kerr-like cavity).
dipole-dipole interactions between them. The model is nonlinear in a twofold sense,
that is, it incorporates the possibility of describing the evolution of the radiation field in
a cavity that can be supposed to be filled with an nonlinear medium and/or a general
intensity-dependent coupling between the field and the two atoms, each of these charac-
teristics being specified, separately, by the proper photon-number-dependent function.
Even though we have considered two two-level atoms interacting (nonlinearly) with a
quantized field, we emphasize the fact that such nonlinearities may appear in analogous
systems (in the sense that Hamiltonians like the one we consider here may be engi-
neered) such as trapped ions interacting with classical laser fields [36, 37, 38, 39, 40]. If,
for instance, we consider two trapped ions, close enough together to interact between
them, as represented in (5), and a set of lasers detuned correctly, one can generate
nonlinearities that behave as associated Laguerre polynomials, and by adding properly,
one may easily reproduce a number of possible nonlinear models we are familiar with
from nonlinear optics, such as the usual Kerr-type and Buck-Sukumar nonlinearities or
even more complicated coupling schemes. Therefore, our treatment is not only valid for
the interaction between a quantized field and two two-level atoms, but also for other
(algebraically) similar systems.
Some dynamical properties of the atomic and field subsystems, such as the atomic
excitation, purity and concurrence, as well as the entropy and phase space dynamics of
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the field, have been described by considering a Kerr-like cavity and/or a Buck-Sukumar
atom-field coupling, as particular examples, in the resonant quantum dynamics (δ = 0).
The most interesting outcomes of the model come from featuring such nonlinearities or
merging any of them with the atomic interplay under certain circumstances. In this
regard, it was found that the combination of the nonlinear atom-field coupling and the
dipole-dipole-and-Ising-like atomic interaction, in the range of values 0 < (κ − J)/g ≤
1/2, or merging the former with the anharmonic effect of a Kerr-type cavity, within
the regime 0 < χ/g  1, gives rise to the appearance of a noticeable beating pattern
and the inversion of successive revivals in the evolution of atomic excitation, and from
the algebraic results we have been able to obtain an approximate closed expression
for the said property that has allowed us to estimate the origin and duration of such
beats, as well as the collapse and revival times. Both the purity and concurrence atomic
properties are bolstered by the Buck-Sukumar coupling itself at certain time instants,
and by the Kerr-like medium up to some degree, particularly when the atomic system is
in its maximally entangled state. As to the atomic purity and field entropy, it was also
found that the dipole-dipole and Ising effects, though not-so-significant by themselves,
become manifest in the regime when the ratio of the whole atomic parameter to the
constant coupling is such that (κ − J)/g  1, but nevertheless we suggest that one
should be careful of working on this regime given that, as far as we know, it has not
been proven in the literature to be suitably justified at such high values; this is why we
have chosen here to be moderate in the use of small values of the aforesaid parameter.
Finally, we have explored the dynamics of the field in terms of its entropy and evolution
on phase space via the Q-function, where the role played by Buck-Sukumar nonlinear
coupling and the Kerr medium were found to be preponderant in the splitting of phase
properties of the field giving rise to Schro¨dinger-cat-like states.
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